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Abstract 

We are concerned with periodic problems for nonlinear evolution equations at res¬ 
onance of the form iiit) = —Au(t) F{t, u{t)), where a densely defined linear operator 
A: D{A) —>■ A on a Banach space X is such that —A generates a compact Cq semi¬ 
group and F: [0,-l-oo) x A ^ A is a nonlinear perturbation. Imposing appropriate 
Landesman-Lazer type conditions on the nonlinear term F, we prove a formula ex¬ 
pressing the fixed point index of the associated translation along trajectories operator, 
in the terms of a time averaging of F restricted to Ker A. By the formula, we show 
that the translation operator has a nonzero fixed point index and, in consequence, we 
conclude that the equation admits a periodic solution. 


1 Introduction 


Consider a periodic problem 

. . f u{t) =-Au{t) + F{t,u{t)), t>0 

^ ^ \ u{t) = u{t + T) t> 0, 

where T > 0 is a fixed period, A: D{A) — A is a linear operator such that —A generates a 
Cq semigroup of bounded linear operators on a Banach space X and F: [0, -|-oo) x A ^ A 
is a continuous mapping. The periodic problems are the abstract formulations of many 
differential equations including the parabolic partial differential equations on an open set 


n c 

with smooth boundary, of the form 



( ut =—Au-\-f(t,x,u) 

in (0, -boo) X n 

(1.2) 

1 Bu = 0 

on [0, -boo) X dQ 


[ u{t,x) = u{tT,x) 

in [0, -boo) X n. 

where 




Au = —D/al^Dju) -b a^D^u qqu 
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X G ri, 


is such that a®-^ = a-^® G C^(r2), a^,aQ G C(r2), 

> 0\C\^ for e = ( 6 , 6 ,... , 6 ) G M", 

B stands for the Dirichlet or Neumann boundary operator and /: [0, +oo) x f] x M —>■ M is 
a continuous mapping. 

Given x € X, let u{t;x) be a (mild) solution of 

u{t) = —Au{t) + F{t, u{t)), t > 0 

such that tt(0; x) = x. We look for the T-periodic solutions of (II.ip as the fixed points of 
the translation along trajectory operator X ^ X given by ^^(x) := u{T]x). 

One of the effective methods used to prove the existence of the fixed points of is 
the averaging principle involving the equations 

(1.3) u{t) =—XAu{t) + XF{t,u{t)), t>0 

where A > 0 is a parameter. Let 0^: X —>■ X be the translation operator for (II.3p . It 
is clear that = 0;^. Define the mapping F: X ^ X hy F{x) := ^ F{s,x)ds for 
X G X. The averaging principle says that for every open bounded set U C X such that 
0 ^ {—A + F){D{A) n dU), one has that 0^(x) 7 ^ x for x G dU and 

deg(/ - 0^, U) = degi-A + F, U) 


provided A > 0 is sufficiently small. In the above formula deg stands for the appropri¬ 
ate topological degree. Therefore, if deg(—X + F,U) 7 ^ 0, then using suitable a priori 
estimates and the continuation argument, we infer that 0 ^ has a fixed point and, in con¬ 
sequence, (II.ip admits a periodic solution starting from U. The averaging principle for 
periodic problems on finite dimensional manifolds was studied in m- The principle for 
the equations on any Banach space has been recently considered in |5] in the case when 
—A generates a compact Cq semigroup and in [ 6 ] for A being an m-accretive operator. In 
| 8 ], a similar results were obtained when —A generates a semigroup of contractions and F 
is condensing. For the results when the operator A is replaced by a time-dependent family 
{A{t)}t>o see [9]. 

However there are examples of equations where the averaging principle in the above form 
is not applicable. Therefore, in this paper, motivated by m, II], mi and |18) . we use the 
method of translation along trajectories operator to derive its counterpart in the particular 
situation when the equation (II.ip is at resonance i.e., KerX ^ 0 and F is bounded. Let 
N := KerX and assume that the Cq semigroup {5'A(t)}t>o generated by —A is compact. 
Then it is well known that (real) eigenvalues of ^^(T) make a sequence which is either 
finite or converges to 0 and the algebraic multiplicity of each of them is finite. Denote 
by /i the sum of the algebraic multiplicities of eigenvalues of ^^^(T): X —X lying in 
(l,-|-oo). Since the semigroup is compact, the operator A has compact resolvents and, 
in consequence, dimX < -|-oo. Let M be a subspace of X such that X © M = X with 
SA{t)M C M for t > 0. Define a mapping g: N ^ N hy 


(1.4) 


g{x) := / PF{s,x)ds for xGX 


where P: X —>■ X is a topological projection onto N with Ker P = M. 
First, we are concerned with an equation 


u{t) = —Au{t) + eF{t,u{t)), t>0 
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where £ € [0,1] is a parameter. Denoting by : X —>■ X the translation along trajectory 
operator associated with this equation, we shall show that, if V C M is an open bounded 
set, with 0 € D and D C is an open bounded set in N such that g{x) ^ 0 for x from 
the boundary d^U of U in N, then for small e € (0,1), / x for x G d{U © V) and 

(1.5) degLs(/ = (-l)^+'i‘“'^degB(5, U). 


Here degLs and degB stand for the Leray-Schauder and Brouwer degree, respectively. The 
obtained result improves that from |18) . 

Further, for an open and bounded set D C M”, we shall use the formula (II.5|) to study 
the periodic problem 


f u{t) =—Au{t) + \u{t) + F{t,u{t)), t>0 

I u{t) = u{t + T) t > 0, 


where A: D{A) —>■ X is a linear operator on the Hilbert space X := L^(H) with a real 
eigenvalue A and F: [0, +oo) x X ^ X is a continuous mapping. As before we assume that 
—A generates a compact Cq semigroup {5'A(t)}t>o on X. The mapping F is associated 
with a bounded and continuous /: [0, Too) x H x M ^ M as follows 


(1.7) F{t,u){x) := f{t,x,u{x)) for fG[0,+oo), x G H. 

Additionally we suppose that the following kernel coincidence holds true (which is more 
general than to assume that A is self-adjoint) 

Nx := Ker (A - XI) = Ker {A* - XI) = Ker (/ - e^'^SA{T)). 


Let : A —>■ A be the translation along trajectories operator associated with the equation 


u{t) = —Au{t) + Xu{t) + F(t, u{t)), t > 0. 

The formula dUD, under suitable Landesman-Lazer type conditions introduced in |16) . 
gives an effective criterion for the existence of T-periodic solutions of (II.6p . Namely, we 
prove that there is an i? > 0 such that g{x) ^ 0 for x G N\ \ B{0,R), ^^.(x) ^ x for 
X G A \ B{0, R) and 

(1.8) degLs(/-^T,i?(0,i?)) = (-l)'^W+'i‘“'^^degB(<7,il(0,i?) n Aa) 

where g{X) is the sum of the algebraic multiplicities of the eigenvalues of Sa{T) lying 
in (l,+oo) and g: Nx —Nx is given by (11.41) with P being the orthogonal projection 
on Nx- Additionally, we compute degB( 5 , 7?(0, i?) D Nx), which may be important in the 
study of problems concerning to the multiplicity of periodic solutions. Obtained appli¬ 
cations correspond to those from 0 , m, where a different approach were used to prove 
the existence of periodic solutions for parabolic equations at resonance. For the results 
concerning hyperbolic equations see e.g. 0,0, m 


Notation and terminology. Throughout the paper we use the following notational con¬ 
veniences. If (A, II • II) is a normed linear space, Y C A is a subspace and U C T is a subset, 
then by cly f7 and dy U we denote the closure and boundary of U in Y, respectively, while 
by cl 17 (U) and dU we denote the closure and boundary of U in A, respectively. If Z 
is a subspace of A such that X = Y ® Z, then for subsets U C Y and V C Z we write 
U (B V := {x + y \ X € U, yGHjfor their algebraic sum. We recall also that a Cq 
semigroup {S{t): X A}i>o is compact if S{t)V is relatively compact for every bounded 
V C X and t > 0. 
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2 Translation along trajectories operator 


Consider the following differential problem 

, . / u{t) =-Au{t) + F{X,t,u{t)), t>0 

\ ?r(0) = X 

where A is a parameter from a metric space A, A: D{A) —)■ X is a linear operator on a 
Banach space {X, || • ||) and F: A x [0,+oo) x X —> Ai is a continuous mapping. In this 
section X is assumed to be real, unless otherwise stated. Suppose that —A generates a 
compact Co semigroup {5'A(t)}t>o and the mapping F is such that 

(FI) for any A € A and xq (z X there is a neighborhood V C X of xq and a constant 
L > 0 such that for any x,y 

||F(A,t,x) - F(A,t,y)|| < L||x - y|| for te[0,+oo); 


(F2) there is a continuous function c: [0, +cx)) —>■ [0, +oo) such that 

||F(A,t,x)|| < c(t)(l + ||x||) for A € A, te[0,+oo), x € X. 

A mild solution of the problem (12.9p is, by definition, a continuous mapping u: [0, +oo) —)■ 
X such that 

u{t) = SA{t)x + f SA{t — s)F{X, s,u{s)) ds for t > 0. 

Jo 

It is well known (see e.g. m) that for any A E A and x E X, there is unique mild solution 
tt( •; A, x): [0, +oo) —)• X of (12.9p such that rt(0; A, x) = x and therefore, for any f > 0, one 
can define the translation along trajectories operator <I>t: A x X ^ X by 

<hi(A, x) := ri(t; A, x) for A E A, x E X. 

As we need the continuity and compactness of we recall the following 

Theorem 2.1. Let A: D{A) X he a linear operator such that —A generates a compact 
Cq semigroup and let F: A x [0, +oo) x X —)■ X be a continuous mapping such that condi¬ 
tions (FI) and (F2) hold. 

(a) If sequences (Xn) in A and (x^) in X are such that Xn —>■ Aq and Xn —>■ xq, as 
n —>■ + 00 , then 


u{t;Xn,Xn)^u{t;Xo,xo) as n —>■+oo, 

uniformly for t from bounded intervals in [ 0 , +oo). 

(b) For any t > 0, the operator AxX X is completely continuous, i.e. ‘^^(Axl/) 
is relatively compact, for any bounded V C X. 

Remark 2.2. The above theorem is slightly different from Theorem 2.14 in [5], where it 
is proved in the case when linear operator is dependent on parameter as the mapping F, 
and moreover the parameter space A is compact. The above theorem says that if A is free 
of parameters, then compactness of A may be omitted. 
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Before we start the proof we prove the following technical lemma 

Lemma 2.3. Let LI d X he a bounded set. Then 

(a) for every to > 0 the set {u{t ; A,®) | t G [0,to]) A G A, x G D,} is bounded; 

(b) for every to > 0 e > 0 there is 5 > t) such that ift, t' G [0, to] 0 < t' — t < 5, 
then 


SAit' — s)F{X, s, u(s; A, x)) ds 


< e 


for A G A, X G LI] 


(c) for every to > 0 the set 


S{to) •= |y ^A{to - s)F{X, s, u{s] A, x)) ds 


A G A, X G ft 


is bounded. 


Proof. Throughout the proof we assume that the constants M > 1 and a; G M are such 
that ||5yi(t)|| < Me^^ for t > 0. (a) Let ii > 0 be such that LI C B{0,R). Then by 
condition (F2), for every t G [0,to] 

||rt(t; A,x)|| < ||5A(t)x|| + [ \\SA{t - s)F{X,s,u{s]X,x))\\ds 

Jo 

< Mel^l*||x|| + [ Mel^l(*-")c(s)(l +||w(s;A,x)||)ds 

Jo 

< + to A:Mel“l*o + [ ||u(s; A, x) || ds, 

Jo 

where K := sup^g[o,io] Gronwall inequality 

(2.10) \\u{t] X, x)\\ < Coe^°^'^ for tG[0,to], AgA xGLI, 

where Cq := RMe^‘^do + toKMe\^\^^ and Ci := KMe^^do, 

(b) From (a) it follows that there is C > 0 such that ||n(t; A,x)|| < C for t G [0,to], A G A 
and X G ft. Therefore, if t,t' G [0, to] are such that t < t', then 


ft' ft' 

/ SA{t' — s)F{X,s,u{s]X,x)) ds < / “^^||F(A, s, «(s; A, x)) II ds 

Jt Jt 

ft' 

< J Mel‘^l(*'-")c(s)(l +||tx(s;A,x)||)ds = (t'-t)Mi^el‘^l*o(l + C). 


Taking 6 := e(MiFel‘^l*“(l + C))-! we obtain the assertion, 
(c) For any A G A and x G ft 



SA{to 


■s)F{X, s, u{s] X, x)) ds 


< f ^^c(s)(l + ||«(s; A, x)||) ds 

Jo 


< /°MiFel‘^l‘°(l + ||rr(s;A,x))||)ds < toMA:el‘^l*°(l + C) 

Jo 


and S{to) is bounded as claimed. 


□ 
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Proof of Theorem \2. 1[ Let C X be a bounded set and let t E (0, +oo). We shall prove 
first that the set x n) is relatively compact. Let e > 0. For Q < X ^ A and 

X E n 


po 


u{t; X,x) = SA{t)x + SA{t — to) { / SA{to — s)F{X, s,u{s] X,x)) ds 


+ / SA{t — s)F{X, s,u{s; X,x)) ds, 

Jta 


I to 

and, in consequence, 

(2.11) {u{t] A, x) I A E A, X E 0} c SA{t)X} + — to)Dt^ 


+ SA{to - s)F{X,s,u{s-X,x)) ds 


A E A, X E n > , 


where 


Ao ■“ |y — s)F{X, s, u{s; X,x))ds A E A, x E fl . 

Applying Lemma [2.31 (bl. we infer that to E (0,t) may be chosen so that 


( 2 . 12 ) 


/ SA{t — s)F{X, s,u{s; X,x)) ds 
Jto 


< £ for A E A, X E n. 


From the point (c) of this lemma it follows that HfQ is bounded. Combining (12.111) with 
(I2.12P yields 


<hi(A X Q) = {u{t; A, x) | A E A, x E 0} c 14 + 5(0, e) 

where 14 := 5'yi(t)n + SA^t — to)Ao- This implies that I 4 is relatively compact, since 
{5/i(t)}t>o is a compact semigroup and the sets Q, Aq ^re bounded. On the other hand 
e > 0 may be chosen arbitrary small and therefore the set <ht(A x fi) is also relatively 
compact. 

Let (An) in A and (x^) in X be sequences such that A^ —>■ Aq E A and x^ —>■ xq E X. 
We prove that u{t] Xn,Xn) —>■ u{t;Xo,xo) as n ^ +00 uniformly on [0,to] where to > 0 is 
arbitrary. For every n > 1 write Un := u{-; Xn,Xn)- We claim that (un) is an equicontinuous 
sequence of functions. Indeed, take t E [0, + 00 ) and let e > 0. If /i > 0 then, by the integral 
formula, 

(2.13) Unit + h) - Unit) = SAih)Unit) - Unit) 

rt+h 

+ J SAit + h-s)FiXn,s,Unis))ds. 

Note that for every t E [0,+ 00 ) the set {unit) | n > 1} is relatively compact as proved 
earlier. For t = 0 it follows from the convergence of (x^), while for t E (0,+ 00 ) it is a 
consequence of the fact that the set <hi(A x {xn \ n > 1}) is relatively compact. From the 
continuity of semigroup there is <5o > 0 such that 

(2.14) \\SAih)unit) - Unit)\\ < e/2 for /iE(0,(5o), n > 1. 
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By Lemma [2.31 (b) there is (5 G (0,5o) such that for h G (0,(5) and n > 1 


(2.15) 



s)F{Xn,s,Un{s))ds 


< e/2. 


Combining (I2.13p . (I2.14p and (12.151) . for h G (0, 6) we infer that, 


\\Un{t + h) - Unit)\\ < \\SA{h)Unit) - Ur, 

rt-^h 


+ 


/ 


SA{t + h- s)F{Xn, s, Un{s)) ds 


< e/2 + e/2 = e 


for every n > 1. We have thus proved that (un) is right-equicontinuous on [0,+oo). It 
remains to show that {un) is left-equicontinuous. To this end take t G (0, +oo) and e > 0. 
If h and 5 are such that 0 < h < 6 < t, then 


(2.16) \\Un{t) - Unit -h)\\ < ||nn(t) - SA{6)Unit - 5)|| 

+ ||5A(<5)n„(t - ,5) - 5 a(< 5 - /i)n„(t - ,5)|| 

+ \\SAid - h)unit -6) - Unit -h)\\, 


and consequently, for any n > 1, 


(2.17) 


\Unit) - Unit - h)\\ < 


/ SAit - s)FiXn,S,Unis))ds 
Jt-S 

+ \\SAi6)Unit - (5) - SAiS - h)Unit - <5) 

rt—h 

+ / SAit - h - s)FiXn,s,Unis))ds 

Jt-5 


By Lemma [2.31 (b) there is (5 G (0, t) such that for every ti,t 2 G [0,t] with 0 < — t 2 < <5, 

we have 


(2.18) 


rt2 

/ SAit2 - s)FiXn,S,Unis))ds 
Jti 


< e/3 


for n > 1. 


Using again the relative compactness of {unit) | n > 1} where t G [0,+oo) we can choose 
(5i G (0, 6) such that for every h G (0, (5i) and n > 1 


(2.19) ||5A(<5)n„(t - (5) - 5 a(<5 - h)unit - (5)|| < e/3. 


Taking into account (I2.17p . (I2.18p . (I2.19p . for h G (0,(5i) 


\Unit) - Unit -h)\\ < 


/ SAit - s)FiXn,S,Unis))ds 

Jt-5 

+ ||5A(5)n4f - 5) - SAid - h)unit - 5)1 

pt—h 

+ / SAit - h-s)FiXn,s, Unis)) ds 

Jt-5 


< e, 


and finally the sequence (n^) is left-equicontinuous on (0,-|-oo). Hence («„) is equicontin- 
nous at every t G [0, -|-oo) as claimed. 

For every n > 1 write Wn ■= ifn|[o,to]' We shall prove that Wn —>■ wq in C'([0,to];-^) 
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where wq = u{- ; Aq, xo)|[o,io]- is enough to show that every subsequence of (wn) con¬ 
tains a subsequence convergent to wq. Let (wn^) be a subsequence of (u)„). Since (wn^) 
is equicontinuous on [0,to] the set | n > 1} = | n > 1} is relatively 

compact for any s € [0, to]) t>y the Ascoli-Arzela Theorem, we infer that {wnf.) has a sub¬ 
sequence {wnf.^) such that —>■ w in (^([O,to])as I —?> -|-oo. For every I > 1 dehne a 

mapping (j)i : [0, to] ^ by 

(t)l{s) ■.= SA{t - s)F{Xn^^, S, (s)). 

From the continuity of {5'A(t)}t>o and F, we deduce that (pi ^ 4> in (^([O,to],-T), where 
(p : [0,to] —)> A is given by (p{s) = SA{t — s)F{Xq, s,wo{s)). It is clear that 

ft' 

Wnk,{t') = SA{t')xo+ (pi{s)ds for t'G [0,to], 

Jo 

and therefore, passing to the limit with I —?> oo, we infer that for t' € [0, to] 

wo{t') = SA{t')xo + [ (p{s) ds = SA{t')xo + [ SA{t'- s)F{Xo,s,wo{s))ds. 

Jo Jo 

By the uniqueness of mild solutions, rco(t) = w{t) for t' € [0,to] and we conclude that 
Wru,^ —>■ Wo = u(- ;Xo,xo) as I —>■ oo and finally that Wn —> wq in (^([O,to]. A). This 
completes the proof of point (a). □ 

If linear operator A : D{A) ^ A is dehned on a complex space A, then the point 
spectrum of A is the set (Jp{A) := {A G C | there exists z G A \ {0} such that Az — Az = 
0}. For a linear operator A dehned on a real space A, we consider its complex point 
spectrum in the following way (see |2] or |10)L By the complexihcation of A we mean 
a complex linear space (Ac, +, •)) where Ac := A x A, with the operations of addition 
-|-: Ac X Ac —>■ C and multiplication by complex scalars • : C x Ac —>■ C given by 

ixi,yi) + {x 2 ,y 2 ) ■= {xi+X 2 ,yi + y 2 ) for {xi,yi),{x 2 ,y 2 ) & Xc, and 

{a +/3i) ■ {x,y) := {ax - I3y,ay + ptx) for a + ptieC, (x,7/)gAc, 

respectively. For convenience, denote the elements (x, y) of Ac by x -|- yi. If A is a space 
with a norm || ■ ||, then the mapping || • ||c: Ac ^ K given by 

\\x + yi\\c'■= sup II sin 0x-|-cos 0y|| 

is a norm on Ac, and (Ac, || • ||c) is a Banach space, provided A is so. The complexification 
of A is a linear operator Ac: D{A£) —>■ Ac given by 

D{Ac) := D{A) X D{A) and Ac(x-|-yi) := Ax-|-Ayi for x-|-yi G iA(Ac). 

Now, one can dehne the complex point spectrum of A by crp{A) := ap{A£). 

Remark 2.4. If —A is a generator of a Cq semigroup {5'y4(t)}t>o, then it is easy to check 
that the family {SAit)c}t>o of the complexihed operators is a Cq semigroup of bounded 
linear operators on Ac with the generator —Ac. 
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In the following proposition we mention some spectral properties of Cq semigronps 

Proposition 2.5. (see m Theorem 16.7.2]) If —A is the generator of a Cq semigroup 
{5/i(t)}t>o of bounded linear operators on a complex Banach space X, then 

(^p{SA{t)) = \ { 0 } for t > 0. 

Furthermore, if X G crp(^) then for every t > 0 

(2.20) Ker — SA{t)) = span | Ker {Xk,tl “ ^) ] 

Vfcez / 

where X^^t := A + ( 2 /c 7 r/f)i for k GTj. 

3 Averaging principle for equations at resonance 


In this section we are interested in the periodic problems of the form 

, . J u{t) =-Au{t)+£F{t,u{t)), t>0 

^ ^ \n(t) = u(t + r) f >0 

where T > 0 is a fixed period, e € [0,1] is a parameter, A\ D{A) —>■ Af is a linear operator 
on a real Banach space X and F : [0, +oo) x X —> X is a continnons mapping. Snppose 
that F satisfies (FI) and (F2) and —A generates a compact Cq semigronp {5'y4(t)}t>o snch 
that 

(Al) KerA = Ker(/-5A(r)) / { 0 }; 

(A2) there is a closed snbspace M C X, M {0} snch that X = Ker A 0 M and 
SA{t)M C M for t > 0. 


Remark 3.1. (a) If A is any linear operator snch that —A generates a Cq semigronp 
{S'y 4 (t)}t>o, then it is immediate that Ker A C Ker {I — SA{t)) for t > 0. 

(b) Condition (Al) can be characterized in terms of the point spectrnm. Namely, (Al) is 
satisfied if and only if 

(3.22) {(2A:7r/T)i | A: G Z, A; 7 ^ 0} n crp{A) = 0. 

To see this snppose first that (Al) holds. If {2kTi/T)i G < 7 p(A) for some k ^ 0, then there 
is z = X + yi G Xc \ {0} snch that 

(3.23) A^z = {2kTT/T)zi. 

We actnally know that —Ac is a generator of the Cq semigronp {5yij,(t)}t>o with SAcit) = 
Sa{1)c for t > 0. Therefore, by Proposition 12.51 we find that 2 ; G Ker (/ — S'aj,(T)) and, in 
conseqnence, 

Sa{T)x + SA{T)yi = x + yi. 

By (Al), we get Ax = Ay = 0 and finally Acz = 0, contrary to (13.23^ . Conversely, snppose 
that (|3.22p is satisfied. Operator Ac as a generator of a Cq semigronp is closed, and hence 
Ker Ac is a closed snbspace of Xc. On the other hand, by (I2.20p and (I3.22p . 

Ker(/-S^(r)c) = Ker (/- 5Ac(r)) = clKer Ac = Ker Ac, 

which implies that Ker (/ — SAiT)) = Ker A, i.e. (Al) is satisfied. 
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Since X is a Banach space and M, N are closed subspaces, there are projections 
P: X ^ X and Q: X X such that P'^ = P, = Q, P + Q = I and ImP = N, 
IvnQ = M. Let X ^ X he the translation along trajectories operator associated with 

u{t) = —Au{t) + eF{t, u{t)), t > 0 

and let /x denote the sum of the algebraic multiplicities of eigenvalues of Sa(T) lying in 
(l,+oo). The compactness of the semigroup {SA{t)}t> 0 i implies that the non-zero real 
eigenvalues of Sa(T) form a sequence which is either hnite or converges to 0 and the 
algebraic multiplicity of each of them is hnite. In both cases, only a hnite number of 
eigenvalues is greater than 1 and hence ^ is well dehned. 


We are ready to formulate the main result of this section 


Theorem 3.2. Let g: N ^ N be a mapping given by 


g{x) 


PF{s, x) ds 


for X £ N 


and let U C N and V d M with 0 £ V, be open bounded sets. If g{x) 7 ^ 0 for x £ djsfU, 
then there is Eq £ (0,1) such that for any e £ (0, Eq] x £ d(U © V), 7 ^ x and 

degLs(/ - [/ © F) = (-Ij/^+dimAT 


where degLS o.nd dege stand for the Leray-Schauder and the Brouwer topological degree, 
respectively. 


Proof. Throughout the proof, we write W := U ®V and A := [0,1] x [0,1] x W . For any 
{e,s,y) € A consider the differential equation 

(3.24) u{t) = —Au{t) + G{£, s,y,t,u{t)), t>0 

where G; A x [ 0 , + 00 ) x X —)■ X is dehned by 

G(e, s, y, t, x) := £PF{t, sx + (1 — s)Py) + £sQF{t, x). 

We check that G satishes condition (FI). Indeed, hx (e, s,y) £ A and take xq £ X. If s = 0 
then G(e, s, y,t, ■) is constant, hence we may suppose that s 7 ^ 0. There are constants 
To, Li > 0 and neighborhoods Vq, lA C X of points sxq + (1 — s)Py and xq, respectively, 
such that 


||F(t, xi) - F(t, X2)|| < To||xi - X2II for xi,X 2 G 4 b, tG[ 0 ,+oo) 

and 

||F(t,xi) - F(t,X2)|| < Ti||xi - X2II for xi,X2GFl, tG[ 0 ,+oo). 

Then V' := -^(Vq — (1 — s)Py) n Vi is open, xq £ V and, for any xi,X2 G V', 

\\G{£,s,y,t,xi) - G{£,s,y,t,X 2 )\\ < 

e||-P||||^(*>s 2 ;i + (1 - s)Py) - F{t,sx2 + (1 - s)F2/)|| + se||Q||||F(t,xi) - F(t,X2)|| 
< eLo||P||||xi - X2II + seLillQllllxi - X2II < (Tolls’ll + Li\\Q\\)\\xi - X2I 
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i.e. (FI) is satisfied. An easy computation shows that condition (F2) also holds true. 

If {e,s,y) € A and x & X, then by u{-',e,s,y,x): [0,+oo) X we denote unique mild 
solution of (|3.24p starting at x. For t > 0, let 0^: A x X ^ X be the translation along 
trajectories operator given by 

Qt{e, s,y,x) := u{t;e, s,y,x) for {s,s,y)€A, x € X, tG[0,+oo). 

For every e G (0,1) we dehne the mapping : [0,1] x IF —>■ X by 

M^{s, x) := ©tCej s, X, x). 

Clearly is completely continuous for every e € (0,1). Indeed, by Theorem 12.11 the 
operator Ot is completely continuous and, consequently, the set ©^’(A x IF) C X is 
relatively compact. Since 

M=([0,1] X IF) = ©r({e} x [0,1] x IF x IF) c ©t(A x IF), 

the set M^{[0, 1] x IF) is relatively compact as well. 

Now we claim that there is £q G (0,1) such that 

(3.25) M^{s,x)^x for x £ dW, sG[ 0, 1], eG(0,eo]. 

Suppose to the contrary that there are sequences (e^,) in (0,1), (s^) in [0,1] and (xn) in 
dW such that Sn —^ 0 and 

(3.26) QT{£n,Sn,Xn,Xn) = M'^^{Sn,Xn) = Xn for n > 1. 

We may assume that sq with sq G [0,1]. By (|3.26l) and the boundedness of 

(xn) C dW, the complete continuity of ©t implies that {xn) has a convergent subse¬ 
quence. Without loss of generality we may assume that —>■ xq as n —)• +oo, for some 
xq G dW. After passing to the limit in (13.261) . by Theorem 12.II (a), it follows that 

(3.27) ©t(0, So, xo, xq) = xq. 

©n the other hand 

(3.28) ©t(0, so,xo,xo) = S'A(t)xo for t > 0, 

which together with (|3.27l) implies that xq = Sa{T)xq. Condition (Al) yields xq G Ker A = 
N and hence Qxq = 0. Since 0 G F, and the equality 

d{U © F) = dnU © cImF U c\nU © OmV 

holds true, we infer that xq G OnU. By using of Remark 13.11 (al and (|3.28p we also hud 
that 

(3.29) ©t(0, so,xo,xo) = S'A(t)a:o = for t > 0. 

For every n > 1, write Un := u( •; £n, Sn, Xn, Xn) for brevity. As a consequence of (13.261) 

(3.30) Xn = SAiT)Xn+en f Sa{T - T)PF{T,SnUn{T) + (1 - Sn)PXn)dT 

Jo 

+ £nSn[ Sa{T - T)QF{T,Un{T))dT for n > 1. 

Jo 
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The fact that the spaces M,N C X are closed and SA{t)N C N, SA{t)M C M, for t>0, 
leads to 


(3.31) 


Sa{T - t)PF{t, SnUnir) + (1 - Sn)Pxn) dr € N and 

rT 




. f Sa{T — T)QF{T,Un{T)) dr e M for n > 1. 
Jo 


Combining (13.301) with (13.311) gives 

PXn = SA{T)PXn+£n [ Sa{T - t)PF{t, SnUnix) + {1 - Sn)PXn) dx for n > 1, 

Jo 

and therefore 


(3.32) 


PF{x, SnUnix) + (1 - s„)Px„) dx = 0 for n> 1, 


since Pxn € Ker^d = Ker (/ — Sa(T)) for n > 1. By Theorem 12.11 (ai and (13.291) the 
sequence (un) converges uniformly on [0, T] to the constant mapping equal to xq, hence, 
passing to the limit in (I3.32p . we infer that 


9{xo)=l T’F(r, xo) dr = 0. 
Jo 


This contradicts the assumption, since xq € BnU, and proves (|3.25p . 

By the homotopy invariance of topological degree we have 

(3.33) degLs(/ - W) = degLs(/ - M^(l, ■),W) = degLs(/ - M"(0, •), IT) 

for e € (0, eo]- 

Let the mappings Mf : U ^ N and M| : V ^ M he given by 


■ [ PF{s,xi) 
Jo 


ds 


for xi € U, 
for X 2 € IL 


Mf(xi) := xi + e 
M|(x2) := Sa{T)\mX2 
and let : U x V ^ N x M he their product 

M^(xi,X 2 ) := (Aff(xi),M|(x 2 )) for (xi,X 2 ) € ?7 x F. 
For £ G (0,1) and x & X 


M‘ 


(0, x) = S'a(T')x + e f Sa{T — x)PF{x, Px) dx = SAiT)x + £ ( PF{x,Px)dx. 
Jo Jo 


and therefore it is easily seen that the mappings ^^^(0, ■) and are topologically con¬ 
jugate. By the compactness of the Cq semigroup {5^4(t) : M M}t>Q and the fact that 
Ker (/ — Sa{T)\m) = 0) infer that the mapping 


I - M^: M ^ M 
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is a linear isomorphism. By use of the multiplication property of topological degree, for 
any e G (0,1), 

degLs(/ - M^(0, •), ^^) = degLs(/ -M^,Ux V) 

= degB(/ - Ml U) • degLs(/ - M|, F). 

Combining this with (|3.33l) . we conclude that 

degLs(/ - = degB(-e5, U) • degLs(/ - Sa{T)\m, V) 

= U) ■ degLs(/ - Sa{T)\m, V), 

for e G (0, eo]- If A / 1 and /c > 1 is an integer then, by (Al) and (A2), 

Ker (A/ - SA(T))j^M = Ker (A/ - Sa(T))1 

Hence ap(SA(T)jjif) = ap{SA{T)) \ {1} and the algebraic multiplicities of the correspond¬ 
ing eigenvalues are the same. Therefore, by the standard spectral properties of compact 
operators (see e.g. m Theorem 12.8.3]), 


degLs(/-5A(T)|M,H) = (-l)^ 

and finally 

degLs(/ - IT) = U), 

for every e G (0, eoji which completes the proof. 


□ 


An immediate consequence of Theorem 13.21 is the following 

Corollary 3.3. Let U <Z N and V C M with 0 G V, be open bounded sets such that 
g{x) I 0 /or X G djyU. If degB{g,U) I 0, then there is eo G (0,1) such that for any 
s G (0, So] problem H3.21]) admits a T-periodic mild solution. 


4 Periodic problems with the Landesman—Lazer type condi¬ 
tions 

Let Q C M”’, n > 1, be an open bounded set and let X := L?{Ll). By || • || and (•, •) 
we denote the usual norm and scalar product on A, respectively. Assume that continuous 
mapping /: [0, -|-oo) x 0 x R —>■ M satisfies the following conditions 

(a) there is a constant m > 0 such that 

\f(t,x,y}\<m for t€[0,-t-oo), x G fl, y € R; 

(b) there is a constant L > 0 such that for any t G [0, -|-oo), x G fl and yi,y 2 G 

\f(t,x,yi} - /(t,x, 7 / 2)1 < - 2 / 2 I; 

(c) f(t, X, y) = f{t -\- T, X, y) for t G [0, -|-oo), x G fl and 7/ G R; 
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(d) there are continuous functions /+, /_: [0, +oo) x 0 —>■ M such that 


U{t,x)= lim f{t,x,y) and f-{t,x) = lim f{t,x,y) 

y—>-+oo y—^—(x> 


for t G [0, +oo) and x G ri. 

Consider the following periodic differential problem 

/ u{t) = -Au{t) + Xu{t) + F{t,u{t)), 
\u{t) = u{t + T) 


t > 0 
t > 0 


where A: D{A) —>■ X is a linear operator such that —A generates a compact Co semigroup 
{S'yi(t)}t>o of bounded linear operators on X, A is a real eigenvalue of A and F : [0, +oo) x 
X —>■ X is a continuous mapping given by the formula 

F{t,u){x) := f{t,x,u{x)) for tG[0,+oo), x G Al. 

Additionally, we suppose that 

(A3) Ker {A - XI) = Ker {A* - XI) = Ker (/ - e^^SA{T)). 

Recall that by assumptions (a) and (b), the mapping F is well defined, bounded, continuous 
and Lipschitz uniformly with respect to time. Therefore, the translations along trajectories 
operator : X —>■ X associated with 

u(t) = —Au{t) + Xu{t) + F{t,u{t)), t > 0 

is well-defined and completely continuous for t > 0, as a consequence of Theorem 12.11 Let 
N\ := Ker {XI — A) and define g: N\ -A N\ by 


g{u) := f PF{t,u)dt for u G Nx, 

Jo 


where P: X -A X is the orthogonal projection onto Nx. Since {5'y4(t)}t>o is compact, A 
has compact resolvents and dimX^ < oo. Furthermore note that, for any u,z G Nx, 


(4.35) 


{g{u),z) = ( {PF{t,u),z)dt= [ {F{t,u),z) 
Jo Jo 

= f{t,x,u{x))z{x)dxdt. 

Jo Jn 


dt 


We are ready to state the main result of this section 

Theorem 4.1. Suppose that f: [0,-|-oo) x x M 
Landesman-Lazer type conditions: 


satisfies one of the following 


(4.36) 


10 J{u>0} 
for any u G Nx with ||n|| = 1, or 

rT 


f+{t,x)u{x) dxdt + / / f-{t,x)u{x) dxdt > 0 

Jo J{u<0} 


f+{t,x)u{x) dxdt + / / f-{t,x)u{x) dxdt < 0, 

Jo J{u<0} 


(4.37) 

to 4{u>0} 

for any u G Nx with ||tt|| = 1. Then the problem jf-H) admits a T-periodic mild solution. 
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In the proof of preceding theorem, we nse the following 


Theorem 4.2. Let f: [0, +oo) x n x 

/7 

Jo ./{n>0} 


(4.38) 


satisfy the following condition: 

'1 

' {u<0} 


f+{t,x)u{x) dxdt + / / f-{t,x)u{x) dxdt 0 

Jo Jiu< 0 } 


for every u G N\ with ||n|| = 1. Then there is R > 0 such that ^xiu) 7^ u for u € 
X \B{0, R), g{u) 7 ^ 0 for u G N\ \ B{0, R)) and 

(4.39) degLs(/-^T,S( 0 ,i 2 )) = degB^g, B{0, R) n Nx) 

where li{X) is the sum of the algebraic multiplicities of the eigenvalues of e^"^S a{T)X — 
X lying in (l,+oo). 


We shall nse the following lemma 


Lemma 4.3. If f: [0, +oo) x n x K 
g{u) 7 ^ 0 for u G Nx with ||tt|| > Rq. 


satisfies then there is Rq > Q such that 


Proof. Snppose the assertion is false. Then there is a seqnence {un) C Nx snch that 
g{un) = 0 for n > 1 and ||nn|| —t +oo as n ^ +oo. Define Zn ■= 'Un/||itn|| for n > 1. Since 
(zn) C Nx and Nx is a finite dimensional space, (zn) is relatively compact. We can assnme 
that there is zq G Nx with ||zo|| = 1 snch that Zn ^ zq as n ^ +oo. Additionally, we can 
snppose that Zn{x) —>■ zo{x) as n ^ +oo for almost every x G D. Let 


(4.40) D+ ;= {x G D I zo{x) > 0} and D_ := {x G D | zo{x) < 0}. 

Then, by (|4.35l) . we have 

0 = {g{un),zo) = / / f{t,x,Un{x))zo{x)dxdt, for n>l 

Jo Jn 

and therefore 

rT 


(4.41) / / f{t,x,Zn{x)\\un\\)zo{x)dxdt+ / f{t,x,Zn{x)\\un\\)zo{x)dxdt = 0, 

Jo Jq+ Jo Jq- 

for n > 1. Note that, for fixed t G [0,T], the convergence f{t,x, Zn{x)\\un\\) —>■ /+(t,x) 
by n —7> +00 occnrs for almost every x G D+. Since the domain D has finite measnre, 
Zq G L^(D) C L^(D). From the bonndedness of / and the dominated convergence theorem, 
we infer that, for any t G [0,T], 


(4.42) / f{t,x,Zn{x)\\un\\)zo{x)dx-i- / f+{t,x)zo{x)dx 

J fi-f- J H-f- 


as n —7> + 00 . 


The fnnction iff : [0, T] ^ R given by 


Ttit)-= f{t,x,Zn{x)\\un\\)zo{x)dx = {F{t,Un),niax{zo,0)) for tG[0,r] 

J £7-1- 
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is continuous and furthermore < "i||-2ollLi(n) < +00 for t € [0,T]. By use of (14.421) 

and the dominated convergence theorem, we deduce that 

n f{t,x,Znix)\\un\\)zo{x)dxdt^ / / f+{t, x)zoix) dxdt 

!+ Jo Jn+ 

as n —>■ + 00 . Proceeding in the same way, we also hnd that 

n f{t,x,Zn{x)\\un\\)zo{x)dxdt^ / / f-{t, x)zo{x) dxdt 

!_ Jo Jn^ 

as n —>■ + 00 . In consequence, after passing to the limit in (14.411) 


0 Jn+ 


f+(t, x)zq{x) dxdt + 


0 


f-(t,x)zo{x) dxdt = 0 


for zq € N\ with ||zo|| = 1) contrary to (I4.38p . which completes the proof. 


□ 


Proof of Theorem \4-^ Consider the following differential problem 

u{t) = —Au{t) + \u{t) + sF{t, u{t)), t > 0 

where e is a parameter from [0,1] and let T^: [0,1] x X X be the translations along 
trajectories operator for this equation. The previous lemma shows that there is i?o > 0 
such that g{u) 7 ^ 0 for u € Nx with ||tt|| > Rq. We claim that there is Ri > Rq such that 

(4.43) Tt{£,u) ^ u for eG(0,1], u&X, [|rt|| > i?i. 

Conversely, suppose that there are sequences (e„) in (0,1] and (rt„) in X such that 

(4.44) TT{en,Un)=Un for n>l 

and ||un[| —>■ +00 as n — 7 > + 00 . For every n > 1, set Wn := w{- ] Sn,Un) where w{- ]S, u) is 
a mild solution of 

w(t) = —Aw{f) + \w{t) + sF(t, w{t)) 

starting at u. Then 

(4.45) Wn{t) = e^^SA{t)un +En [ SA{t - s)F{s,Wn{s)) ds 

Jo 

for n > 1 and t € [0, + 00 ). Putting t := T in the above equation, by (I4.44p . we infer that 

(4.46) Zn = e^'^SA{T)zn + w(F), 
with Zn := Un/||ttn|| and 

Vn{t) := ,, SA{t — s)F{s,Wnis)) ds for n > 1, tG[0,+ 00 ). 

iRnll Jo 

Observe that, for any t G [0,7"] and n > 1 , we have 

(4.47) ||?;n(t)|| < [ Me(‘^+^)(*-")||F(s,u;„(s))||ds < mi^(fl)^/2^e^(l‘^l+I^IV[|t(n|| 

ll'nnjl Jo 
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where the constants M > 1 and cj € M are such that ||S'yi(t)|| < for t > 0 and v 

stands for the Lebesgue measure. Hence 

(4.48) —>■ 0 for tG[0,T] as n —>■+oo, 
and, in particular, set {vn{T)}ri>i is relatively compact. In view of (|4.46p 

(4.49) {Zn}n>l c e^'^SA{T) {{Zn}n>l) + {Vn(T)}n>l, 

and therefore, by the compactness of {5'A(t)}i>o we see that {zn}n>i has a convergent 
subsequence. Without loss of generality we may assume that ^ zq as n —?• +oo and 
Zn{x) — >■ zq{x) for almost every x G H, where zq € W is such that Hzoll = 1- Passing to the 
limit in (14.461) . as n —+oo, and using (14.481) . we hnd that zq = Sa{T)zq, hence that 
zq G Ker (/ — Sa{T)) and hnally, by condition (A3), that 

(4.50) zo GKer(A/-A) = Ker(A/-A*). 

Thus Remark 13.11 (al leads to 

(4.51) Zq G Ker (/ — e^^SA{t)) for t > 0. 

From (|4.45l) we deduce that 

-r-^AWnit) -Un) = e^*‘SA{t)Zn- Zn+Vn{t) for tG[0,r], 

W'^nW 

which by (I4.48P and (14.511) gives 

(4.52) - -(wnit) — Un) ^ 0 for tG[0,T] as n ^+oo. 

If we again take t := T in (14.451) and act with the scalar product operation (aZq), we 
obtain 

{Un, Zq) = {e^'^SAiT)Un, Zq) + En [ {Sa{T - s)F{s, WnA)), Zq) ds. 

Jo 

Since X is Hilbert space, by im CorollSjry 1.10.6], the fsjinily ttiG Sidjoiiit 

operators is a Cq semigroup on X with the generator i.e. 


(4.53) 


SaA)* = SA*{t) for t > 0. 


Remark ED (a) and (14.501) imply that zq G Ker (/ — e^^SA*{t)) t > 0 and consequently, 
by (14.531) . zq G Ker (/ — e^*5^(t)*) for t > 0. Thus 

{Un, Zq) = {Un, 6^'^ Sa{T)*Zq) + En [ {F{s, Wn(s)), Sa{T - s)*Z q) ds 

Jo 

= {Un,Zo)+En {F {s, Wnis)), Zq) ds, 

Jo 

and therefore 

{F{s,Wn{s)),zo)ds = 0 for n > 1. 
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We have further 


(4.54) 0 = / / f{s,x,Wnis){x))zo{x)dxds 

Jo Jq 

(■T 


n f{s,x,Wn{s){x))zo{x)dxds+ / f{s,x,Wn{s){x))zo{x)dxds, 

!+ Jo 


where the sets r2_|_ and r2_ are given by (14.401) . Given s € [0,T], we claim that 


(4.55) 

and 


J^nis)-= f{s,X,Wn{s){x))zo{x)dx 

J £l-f 


f+{s,x)zo{x)dx 


(4.56) ip^{s)\= / f{s,x,Wn{s){x))zQ{x)dx^ / f-{s,x)zo{x) dx 

J Q.— Q_ 

as n —>■ oo. Since the proofs of (I4.55P and (14.561) are analogous, we consider only the former 
limit. We show that every sequence [uk) of natural numbers has a subsequence (n^J such 
that 

(4.57) / f{s,x,{hn^^{s,x) + Znk^{x))\\unk^\\)zo{x)dx^j f+{s,x)zQ{x)dx 


as n —>■ +00 with 

hn{s,x) ■.= {Wn{s){x) -Un{x))/\\Un\\ for X € 0, n > 1. 

Due to (|4.52l) . one can choose a subsequence {hn^^ {s, •)) of (s, ■)) such that (s, x) —)• 
0 for almost every x € D. Hence 

(4.58) hn,^^{s,x) + Zn^^ix) ^ zoix) > 0 as n+oo 

for almost every x G H_|_ and consequently 


(4.59) /(s,x, (/i„^^(s,x)+ 2 ;„^^(x))||n„^J|) /+(s,x) as n +cx) 

for almost every x G D+. Since zo G L^(D) C L^(H) and / is bounded, from the Lebesgue 
dominated convergence theorem, we have the convergence (I4.57P and hence (|4.55l) . Further, 
for any s G [0, T] and n > 1, one has 

(4.60) \(Pnis)\< \f{s,x,Wnis)ix))zoix)\dx <m \zoix)\dx <m\\zo\\Li{n)- 

J £1-|_ J Q-f 

and similarly 

(4.61) \j^nis)\ <m\\zo\\Li{n) for t£[0,T] and n > 1. 

Since 

(/?+(s) = (F(s,r(;n(s)),max(zo,0)) and vp“(s) = (F(s, r(;n(s)), min( 2 ;o, 0)) 
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for s G [0,T] and n > 1, functions (p^ and ip~ are continuous on [0, T], Using (14.551) . 
()4.56l) . (I4.60p . ()4.6ip and the dominated convergence theorem, after passing to the limit in 
(|4.54l) . we infer that 


(4.62) / / fj^{s,x)zQ{x)dxds+ / / f-{s,x)zo{x) dxds = 0, 

Jo Jn+ Jo Jn- 


which contradicts (|4.38p . since zq G N\ and || 2 ;o|| = 1 and, in consequence, proves (14.431) . 

Let R := Ri. By the homotopy invariance of topological degree, for any e G (0,1], we 
have 


(4.63) degLs(-f -'f'T,-B(0,ii)) = degLs(-f - Tr(l, ■),B{{),R)) 

= degLs(/-Tr(e, ■),B{Q,R)). 

Since A has compact resolvents Ker [A* — A/)"*" = Im [A — XI) and therefore, by (A3), X 
admits the direct sum decomposition 

X = Nx®lm{A- XI). 

Clearly the range and kernel of A are invariant under S'A(t) for t > 0, hence putting 
M := Im {XI — A), condition (A2) is satisfied for A — XI. Moreover R> Ro and therefore, 
we also have that g{u) ^ 0 for u G Nx with ||ti|| > R. Let U := B{0,R) D Nx and 
V := B{0,R) n M. Then g{u) / 0 for u G dN^U and clearly 

(4.64) B{0,R)CU(BV. 

Therefore, by Theorem 13.21 there is £q G (0,1) such that, for any e G (0,eo] and u G 
d{U © V), Tt{£, u) ^ u and 

(4.65) degLs(/ - Trie, ■),U®V) = (_i)MA)+dim7V, 

where g{X) is the sum of algebraic multiplicities of eigenvalues of Sa- XI{T) in (l,+oo). In 
view of (14.641) and the fact that R = Ri satisfies (|4.43p . we infer that 

{u £U (BV \ T'r(eo,'w) = u} C B{0,R) 

and, by the excision property, 

(4.66) degLs(/ - TT(eo, ■),U(BV) = degLs(/ - TT(eo, •), B{0, R)). 

Combining (14.651) with (14.661) yields 

(4.67) degLs(/-TT(£o, ■ ),B{0,R)) = (-l)^W+^'”^MegB(5, t/), 
which together with (|4.63p implies 

(4.68) degLs(/-'kT,i?(0,i?)) = (-l)'^(^)+'^‘“'^MegB((7,C/) 

and the proof is complete. □ 


The following proposition allows us to determine the Brouwer degree of the mapping 

g- 
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Proposition 4.4. 


(i) If condition holds then there is Rq > 0 such that g{u) 7 ^ 0 for u € Nx with 

||tt|| > Rq and 

degBig,B{0,R)) = 1 for ii > Ro- 

(a) If condition {J^.31) holds then there is Rq > 0 such that g{u) 7 ^ 0 for u € Nx with 

||u|| > -Ro cLnd 

degB( 5 ,R( 0 ,R)) = for R > Rq. 


Proof, (i) We begin by proving that there exists Rq > 0 such that 
(4.69) {g{u),u) >0 for u G Nx, ||w|| > Rq- 

Arguing by contradiction, suppose that there is a sequence (un) C Nx such that ||r(n|| —5’ 
+00 as n —>■ +00 and {g{un),Un) < 0, for n > 1. For every n > 1, write Zn '■= rtn/||'Un||- 
Since (zn) is bounded and contained in the finite dimensional space Nx, it contains a 
convergent subsequence. Without loss of generality we may assume that there is zq € Nx 
with lizoll = 1 such that Zn ^ zq as n ^ +00 and Zn{x) —>■ . 20 ( 2 :) as n —)• +00 for almost 
every x G fl. Recalling the notational convention (14.401) . we have 


(4.70) 0 > (giun), Zn) = {g{Un), Zn “ Zq) + (fl'(ttn), ^o) 

rT , 

f{t, X, Un{x))zo{x) dxdt + {g{Un), Zn - Zq) 


'0 JQ 

rT 


n f{t, X, Znix)\\Un\\)zo{x) dxdt 
!+ 


+ / / f{t,X,Zn{x)\\Un\\)zo{x)dxdt + {g{Un),Zn- Zq). 

10 

On the other hand, if we fix t G [0,T], then, by the condition (d), we have 
(4.71) f{t,x,Znix)\\un\\)^f+{t,x) as n +00 

for almost every x G 0+. Since / is assumed to be bounded and zq G L^(0), by the 
dominated convergence theorem, (14.711) shows that 


(4.72) 


' 


f{t,X,Zn{x)\\Un\\)zo{x)dx^ / f+{t, x)Zo{x) dx 

J 


as n ^ 00 . Let (/?+ : [0, T] ^ R be given by 

Pn{t)'-= / f{t,X,Zn{x)\\Un\\)zo{x)dx = {F{t,Un),mayi{zQ,d)) 

J f 2 _l_ 

for t G [0,r]. The function is evidently continuous and |(/ 2 +(t)| < nT,||zo||Li( 0 ) for 
t G [0,T]. Applying (I4.72P and the dominated convergence theorem, we find that 


(4.73) 


f{t, X, Znix)\\Un\\)zo{x) dxdt 


0 Jn+ 


f+{t, x) dxdt. 


0 Jn+ 
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as n —>■ + 00 . Proceeding in the same way, we infer that 


(4.74) 


fit, X, Znix)\\Un\\)zo{x) dxdt 


0 JQ.- 


f-it, x) dxdt, 


0 Jfl- 


as n —)• + 00 . Since the sequence ig{un)) is bounded, we see that 

(4.75) |(5'(^‘n),^n - ^:o)| < ||5'(^^n)|||kn - ^oll 0 aS H ^ +00. 

By (14.731) . (14.741) . (14.751) . letting n ^ +oo in (I4.70p . we assert that 


n f+{t,x)zo{x) dxdt + / / f-{t,x)zo{x) dxdt < 0, 

!+ Jo Ju- 


contrary to (I4.36p . 

Now, for any R > Rq, the mapping H : [0,1] x Nx Nx given by 
His,u) := sgiu) + (1 — s)u for u € Nx, 

has no zeros for s € [0,1] and u € Nx with ||u|| = R. If it were not true, then there would 
be His,u) = 0, for some s G [0,1] and u € Nx with ||rt|| = R, and in consequence, 

0 = {His,u),u) = s{giu),u) + (1 — s){u,u). 

If s = 0 then 0 = ||ri|p = Rf, which is impossible. If s G (0,1], then 0 > {giu),u), which 
contradicts ()4.69p . By the homotopy invariance of the topological degree 

degB(g,B(0,7?)) = degB(i7(l, ■),B{t),R)) = degB(P7(0, ■),B{t),R)) 

= degB(/,B(0,i2)) = 1, 

and the proof of (i) is complete. 

(ii) Proceeding by analogy to (i), we obtain the existence of i?o > 0 such that 
(4.76) {g{u),u) < 0 for ||ri|| > Rq. 

This implies, that for every R > Rq, the homotopy H : [0,1] x Nx —>■ Nx given by 

H{s,u) := sgiu) — (1 — s)u for u G Nx 

is such that His, m) / 0 for s G [0,1] and u G Nx with ||ttl| = R. Indeed, if His, u) = 0 for 
some s G [0,1] and u G Nx with ||ri|| = R, then 

0 = {His,u),u) = s{giu),u) - (1 - s){u,u). 

Hence, if s G (0,1], then {giu),u) > 0, contrary to (I4.76p . If s = 0, then R^ = ||m|P = 0, 
and again a contradiction. In consequence, by the homotopy invariance, 

degB(ff,B(0,i?)) =degB(-/,H(0,i2)) = (-l)^-^^, 


as desired. 


□ 


21 
















Proof Theorem EH- Theorem 14.21 asserts that there is R > 0 such that ^ u for 

u € X \ B{0, R), g{u) 7 ^ 0 for u G Nx \ B{0, R) and 


(4.77) degLs(/-'hT,i?(0,i?)) = (-l)^W+^“'^MegB(<7,i?(0,ii) niVA). 

In view of Proposition 14.4[ we obtain the existence of i?o > -R such that either deg(g', B(0, Ro)r\ 
Nx) = 1, when (I4.36p is satished, or deg{g, B{0, Rq) n Nx) = (—in the case of 
condition (14.371) . By the inclusion {u G 5(0, Rq) D Nx \ g{u) = 0} C 5(0, R) D Nx-, we see 
that 

deg(c/, 5(0, R) n Nx) = deg{g, 5(0, Rq) n Nx) = ±l 

and, by (I4.77p . 

degLs(/- 'hT,5(0,5)) = (-l)'^W+'i“'^MegB(ff,5(0,5) niVA) = ±1. 

Thus, by the existence property, we hnd that there is a hxed point of and in consequence 
a T-periodic mild solution of (I4.34p . □ 


In the particular case when the linear operator A is self-adjoint and —A is a generator 
of a compact Cq semigroup {>S'Ai(t)}t>o of bounded linear operators on X, the spectrum 
o'{A) is real and consists of eigenvalues Ai < A 2 < A 3 < ... < < ... which form a 

sequence convergent to infinity. By Proposition 12.51 for every t > 0, is the 

sequence of nonzero eigenvalues of SA_{t) and 

(4.78) Ker (Afcl - A) = Ker - SA{t)) for A: > 1. 


In consequence, we see that (A3) holds. 

Corollary 4.5. Let A be a self-adjoint operator such that —A is a generator of a compact 
Cq semigroup {SAit)}t>o o-nd let f: [0,-|-oo) x x R —>■ M satisfy the Landesman-Lazer 
type condition If X = for some k > 1, then there is R > 0 such that ^xiu) 7 ^ u 

for u ^ X \ B{0, R), g{u) 7 ^ 0 for u G Nx^. \ 5(0, R) and 

(4.79) degLs(/-'hT,5(0,5)) = (-l)‘''=degB(5,5(0,5) n IVaJ, 


where dk ■= dimKer (A*/ — A) for k>l. In particular, if either condition (f.36) or 

^■37j is satisfied then {4-34\) ^“•5 mild solution. 


Proof. To see (|4.79l) . it is enough to check that d^ = g{Xk) + dim A^a^. for fc > 1. Since 

^ g(Afc-A2)r ^ ^ g(Afc-Afc_i)r 

are eigenvalues of e^^'^ Sa{T) which are greater than 1 , for A: = 1 it is evident that /r(Afc) = 0 
and di = g{Xk) + dimA^Aj,. The operator SaIT) is also self-adjoint and therefore the 
geometric and the algebraic multiplicity of each eigenvalue coincide. Hence 

fc-i 

(4.80) hi^k) = ^ dimKer — Sa{T)) for k >2. 

i=l 
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From (|4.78l) and (14.801) . we deduce that 

fc-i 

= ^dimKer (Ajl - A) = dk - dimiVA^ 

i=l 

and finally that dk = + dimA^A^ for every A: > 1, as desired. The formula (I4.79P 

together with Proposition 14.41 leads to existence of mild solution of (|4.34l) provided either 
condition (|4.36l) or (|4.37p is satisfied. □ 


5 Applications 

Let 0 C M"", n > 1, be an open bounded connected set with boundary. We recall 
that II • II and {■, ■) denote, similarly as before, the norm and the scalar product on 
X = L^(0), respectively. For u G we will denote by DkU, the k-th. weak derivative 

of u. 


Laplacian with the Neumann boundary conditions 


We begin with the T-periodic parabolic problem 


(5.81) 


du . „, , 

— = Au + e/(t,x,u) 

du 


dn 


(t, x) = 0 


u{t, x) = u{t + T, x) 


in (0, +oo) X Q 

on [0, +oo) X dQ 
in [0, +oo) X 0, 


where £ G [ 0 , 1 ] is a parameter and /: [ 0 , +oo) xOxM—^Misa continuous mapping which 
is required to satisfy conditions (a), (b) and (c) from the previous section. We put (I5.8ip 
into an abstract setting. To this end let A: D{A) ^ X be a linear operator such that —A 
is the Laplacian with the Neumann boundary conditions, i.e. 


D{A) := G H^{VL) \ there is g ^ such that 

f S/uS/hdx= f gh dx for /i G 77^(0) 
Jf! Ju } 


Au '■= g, where g is as above. 


and define F: [0, +oo) x X —)■ X to be a mapping given by the formula 
(5.82) F{t,u){x) := f{t,x,u{x)) for tG[0,+oo), x G fl. 


Then by the assumptions (a) and (b), it is well defined, continuous, bounded and Lipschitz 
uniformly with respect to time. Problem (15.811) may be considered in the abstract form 


(5.83) 


u{t) = —Au{t) + £F{t, u{t)), t > 0 
u{t) = u{t + T) t > 0 


where e G [0,1] is a parameter. Solutions of (|5.8ip will be understand as mild solutions of 

dssa]). 
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Theorem 5.1. Let qq: M be given by 


9o{y) ■= 


f{t,x,y)dxdt for 


0 Jn 


If real numbers a and b are such that a < b and go{a) ■ go{b) 
that for e G (0,eo]) the problem i5.81\} admits a solution. 


y G M. 

< 0, then there is £q > 0 such 


Proof. Since the spectrum of A is real, condition (Al) is satisfied as a consequence of 
Remark 13.II It is known that —A generates a compact Cq semigroup on X and N := Ker A 
is a one dimensional space. Furthermore, if we take M := ImA, then M = and hence 
A satishes also condition (A2). Let P: X ^ X he the orthogonal projection onto N given 
by 


P{u) 


1 

n{Ll) 


{u, e) ■ e 


for u € X 


where e G L‘^{Q) represents the constant equal to 1 function and n stands for the Lebesgue 
measure. Set U := {s ■ e \ s & R := {n G N-^ \ ||n|| < 1} and let g: N ^ N he 

dehned by 



PF{t, u) dt 


for u & N. 


Then 

goiy) = v{n) ■ K-^{g{K{y))) for y G M, 


where K: M ^ N is the linear homeomorphism given by K{y) := y-e. Since go{a) •yo(&) < 
0, we have degB(y, U) = degB(yO) («) b)) ^ 0 and hence, by Corollary 13.31 there is sq G (0,1) 
such that, for e G (0,eo], problem (I5.8ip admits a solution as desired. □ 


Differential operator with the Dirichlet boundary conditions 


Suppose that G (7^(11) for 1 < i,j < n and let 0 > 0 be such that 

> 0\f,f for ? = (6,6, ■ ■ ■ ,^n) G K”, x G fl. 

We assume that A: D{A) —^ X is a linear operator given by the formula 

D{A) := G Hq{Q) \ there is y G L^{PL) such that 

f {x)DiuDjh dx = f gh dx for h G 

Jn Jn 

Au ■= g, where g is as above. 


It is well known that —A is self-adjoint and generates a compact Cq semigroup on A = 
Let Al < A 2 < ... < Afc < ... be the sequence of distinct eigenvalues of A. We are 
concerned with a periodic parabolic problem of the form 


(5.84) 


ut = Di{aIWju) + \ku + f{t, x, u) 

u{t, x) = 0 

u{t, x) = u{t + T, x) 


in (0, -|-oo) X Q 
on [0, -|-oo) X dfl 
in [0, -|-oo) X fl, 
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where is A:-th eigenvalue of A and /: [0, +oo) x 0 x M —M is as above. We write 
problem (15.841) in the abstract form 


u(t) = —Au(t) + \ku{t) + F{t, u{t)), t > 0 
u{t) = u{t + T) t > 0 

where F : [0, +oo) x X —>■ X is given by the formula (I5.82p . An immediate consequence of 
Corollary 14.51 is the following 


Theorem 5.2. Suppose that f: [0,+oo) xQ x 

/+ (t, x)u{x) dxdt + 

/o ./{n>0} 

for any u G Ker A with ||tt|| = 1, or 

n 

Jo 4{n>0} 


0 ./{u<0} 


is such that: 


f-{t, x)u{x) dxdt > 0 , 


f^{t,x)u{x) dxdt + / / f-{t,x)u{x) dxdt < 0, 

Jo J{u<0} 


for any u G KerA with ||tt|| = 1. Then the problem ([A^l admits a T-periodic mild 
solution. 
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